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Abstract We constructed new classes of exact multi-lump solutions of mKP-1,2
equations with integrable boundary condition u(x, y, t)
∣∣
y=0
= 0 by the use of
∂-dressing method of Zakharov and Manakov. We exactly satisfied reality and
boundary conditions for the field u(x, y, t) using general determinant formula for
multi-lump solutions. We illustrated new calculated classes by simple examples
of two-lump solutions and demonstrated how fulfilment of integrable boundary
condition u
∣∣
y=0
= 0 via special nonlinear superposition of several single lumps
leads to formation of certain eigenmodes for the field u(x, y, t) in semiplane y ≥ 0,
the analogs of standing waves on the string arising from corresponding boundary
conditions at endpoints of string.
Keywords mKP-1,2 equations · ∂-dressing method · lumps · integrable boundary
conditions
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1 Introduction
The mKP-equation will be used in present paper in the following form [1], [2]:
ut + uxxx − 3σ
2
(
1
2
u2ux − ∂
−1
x uyy + ux∂
−1
x uy
)
= 0, (1.1)
with σ = i to mKP-1 and σ = 1 to mKP-2 versions. The mKP equation (1.1) can
be represented as compatibility condition in well known Lax form [L1, L2] = 0 of
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two linear auxiliary problems [3], [4]:{
L1ψ = σψy + ψxx + V ψx = 0,
L2ψ = ψt + 4ψxxx + 6V ψxx + 3
(
Vx − σ∂
−1
x Vy +
1
2V
2
)
ψx + αψ = 0,
(1.2)
here V = σu. Several classes of exact solutions for both versions of mKP equation
have been constructed at first in the paper of Konopelchenko and Dubrovsky [3], [4]
by the use of local and nonlocal Riemann-Hilbert problems [5]-[7] and more general
∂-dressing method of Zakharov and Manakov [8]-[15]: with functional parameters,
multi-solitons and multi-lumps.
The theme of construction of exact solutions with boundary conditions in broad
sense: for linear, nonlinear equations, integrable or not, very actual in mathemati-
cal and theoretical physics. The concept of integrable boundary conditions for inte-
grable nonlinear equations compatible with integrability of these equations was at
first introduced by Sklyanin [16]. In subsequent papers of Habibulin et al [17]-[22]
and others [23] the concept of integrable boundary conditions to several types of
integrable nonlinear equations has been applied: for difference equations, (1+1)-
dimensional and (2+1)-dimensional nonlinear differential and integro-differential
equations. A list of integrable boundary conditions for known (2+1)-dimensional
integrable KP, mKP, Veselov-Novikov, Ishimori, etc. equations has been proposed
and examples of exact solutions for these integrable nonlinear equations have been
calculated [17]-[23]. A. S. Fokas and his collaborators [24] interesting results have
been obtained via so called Unified Approach to Boundary Value Problems for
one-dimensional and multi-dimensional linear and nonlinear differential equations.
The effectiveness of ∂-dressing method of Zakharov and Manakov for construction
of exact solutions of 2+1-dimensional integrable nonlinear equations with inte-
grable boundaries was at first demonstrated in [25], there new exact multi-solitons
and periodical solutions of KP-2 equation with integrable boundary condition
(uxx(x, y, t) + σuy(x, y, t))|y=0 = 0 have been calculated.
In the present paper we constructed new classes of exact multi-lump solutions
of mKP equation (1.1) with integrable boundary condition [18]
u(x, y, t)
∣∣
y=0
= 0 (1.3)
via ∂-dressing method of Zakharov and Manakov [10]-[15]. We derived general
determinant formula for these solutions and using it satisfied the condition of
reality u = u and boundary condition (1.3) in explicit form.
The paper is organized as follows. The first section is introduction. In second
section we reviewed the basic formulae of ∂-dressing for mKP equation (1.1) and
derived general determinant formula in convenient form for calculations of multi-
lump solutions for both versions of mKP equation. In third and fourth sections
we obtained the restrictions on parameters of complex-valued exact solutions from
boundary and reality conditions using corresponding determinant formulas. In fifth
and sixth sections we constructed new classes of real multi-lump solutions with
integrable boundary for mKP-1 and mKP-2 versions of mKP equation. Futhermore
we illustrated new calculated classes by simple examples of two-lump solutions.
We demonstrated that satisfaction to integrable boundary condition u
∣∣
y=0
= 0
via special nonlinear superposition of several single lumps leads to formation of
certain eigenmodes for the field u(x, y, t) in semiplane y ≥ 0, the analogs of standing
waves on the string arising from corresponding boundary conditions at endpoints
of string.
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2 Basic formulas of ∂-dressing for mKP equation, determinant formula for
multi-lump solutions
The general formulas of ∂-dressing method of Zakharov and Manakov in applica-
tion to mKP equation are extensively described in [3], [4], [14], [15]. Basic object
of ∂-dressing is a wave function χ(λ, λ; x, y, t) which is the function of spectral
variables λ, λ and spacetime variables x, y, t. This function is connected with wave
function ψ(λ, λ; x, y, t) of linear auxiliary problems (1.2) through the formula
ψ(λ, λ; x, y, t) := χ(λ, λ; x, y, t) expF (λ; x, y, t), (2.1)
here the phase F (λ; x, y, t) in exponent is given by expression:
F (λ; x, y, t) = i
x
λ
+
y
σλ2
+
4it
λ3
(2.2)
with σ = i - for mKP-1 and σ = 1 - for mKP-2 versions. Herein instead of
χ(λ, λ; x, y, t), F (λ; x, y, t) etc. we are using the following more short notations:
χ(λ, λ) , F (λ).
Basic equation of ∂-dressing method is the so-called ∂-problem for wave func-
tion χ(λ, λ) or equivalent to it singular integral equation for wave function χ:
χ(λ, λ) = 1 +
2i
pi
∫∫
C
dλ′Rdλ
′
I
λ′ − λ
∫∫
C
χ(µ,µ)R(µ,µ; λ′, λ′; x, y, t)dµRdµI , (2.3)
here as usual λ = λR + iλI and µ = µR + iµI are complex spectral variables. The
kernel R has the form
R(µ, µ; λ, λ; x, y, t) = R0(µ, µ; λ, λ)e
F (µ)−F (λ). (2.4)
Herein we used the canonical normalization χ
∣∣
λ→∞
→ 1 in (2.3). Such possibility
follows from linear auxiliary problems (1.2) and special dependence on spectral
variables λ in terms of inverse power λ−1 in (2.2).
Reconstruction formula for u
u = −
2
σ
χ0x
χ0
(2.5)
allows to calculate u in terms of zeroth order χ0 term of Taylor expansion of
χ(λ, λ; x, y, t) = χ0(x, y, t) + λχ1(x, y, t) + . . . in the neighborhood of λ = 0. From
(2.3) follows the formula for χ0:
χ0(x, y, t) = 1 +
2i
pi
∫∫
C
dλRdλI
λ
∫∫
C
χ(µ, µ)R0(µ, µ; λ, λ)e
F (µ)−F (λ)dµRdµI . (2.6)
For delta-form kernels of the type
R0(µ, µ; λ, λ) =
N∑
k
Akδ(µ− µk)δ(λ− λk). (2.7)
with complex amplitudes Ak and complex spectral points µk 6= λk, so-called gen-
eral determinant formula for multi-soliton solutions can be derived [3], [4], [14],
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[15]. Here will be multi-lump solutions considered, for such type of solutions kernel
R0(µ, µ; λ, λ) has equal spectral points λk = µk:
R0(µ,µ; λ, λ) =
N∑
k
Akδ(µ− µk)δ(λ− µk). (2.8)
For given delta-kernelR0 (2.8) with complex amplitudesAk and complex ”spectral”
points µk one can easily obtain general determinant formula for exact multi-lump
solutions (complex in general) for mKP equation (1.1). We repeated the deriva-
tion of well known determinant formula for multi-lump solutions [14], [15] and
give for it convenient form introducing by the way convenient notations and useful
terminology. From (2.3) and (2.8) we derived the wave function χ(λ, λ)
χ(λ, λ) = 1−
2i
pi
N∑
k=1
Ak
λ− µk
χ(µk) (2.9)
in the form of the sum of N terms with simple poles at ”spectral” points µk.
Such pole structure of wave function on spectral variables λ is typical for quantum
mechanics with basic Schro¨dinger equation and corresponding pole structures of
quantum-mechanical wave functions from wave numbers, energy, momentum, etc.
Formula (2.9) expresses the wave function χ(λ, λ) at arbitrary values of spectral
variables λ, λ in terms of some kind of ”basis” or basic set of N wave functions
χ(µk) := χ(µk, µk), (k = 1, . . . , N) at spectral points µk corresponding to the choice
(2.8) of the kernel R0.
From integral equation (2.3) follows linear algebraic system of equations for
the set of wave functions χ(µk) ≡ χ(µk, µk), (k = 1, . . . , N):
N∑
l=1
A˜klχ(µk) = 1; A˜kl =
(
1 +
2Ak
piµk
Xk
)
δkl +
2iAl/pi
µk − µl
(1− δkl), (2.10)
here for convenience we introduced the quantities Xk = Xk(µk) through the for-
mula:
F ′(µk) :=
∂F (µ)
∂µ
∣∣∣∣
µ=µk
= −
i
µk
Xk(µk), Xk =
x
µk
−
2iy
σµ2
k
+
12t
µ3
k
. (2.11)
The details of such kind calculations one can see in [14], [15]. We redefined matrix
A˜kl in following form:
A˜kl := Akl
2Al
piµl
, A˜−1kl :=
piµk
2Ak
A−1kl , (2.12)
introducing more symmetrical matrix Akl:
Akl =
(
Xk(µk) +
piµk
2Ak
)
δkl +
iµl
µk − µl
(1− δkl). (2.13)
For the coefficient χ0(x, y, t) from (2.6), (2.8) using (2.10) and (2.13) we obtained:
χ0 = 1+
∑
k,l
2iAk
piµk
A˜−1kl = 1 + i
∑
k,l
A−1kl = 1+ tr(BA
−1) = det(1 + BA−1). (2.14)
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Here matrix B
Bkl = i, ∀ k, l (2.15)
has rank 1; matrix B · A−1 is also rank 1. We used in derivation (2.14) useful
matrix identity for rank 1 matrix F
1 + trF = det(1 + F ). (2.16)
Finally reconstruction formula (2.5) gives
u = −
2
σ
∂
∂x
lnχ0 = −
2
σ
∂
∂x
ln
(
det(A+ B)
detA
)
. (2.17)
Formula (2.17) represents in general determinant form generally complex-valued
exact multi-lump solutions of mKP equation with complex parameters Ak and µk.
In order to satisfy boundary condition (1.3) and reality condition u = u for
solutions u we had to specifically choose the complex amplitudes Ak and com-
plex spectral parameters µk of the kernel R0(µ, µ; λ, λ) of ∂-problem of ∂-dressing
method. In fact the satisfaction of integrable boundary condition (1.3) and of
reality condition u = u is central problem in calculations of exact solutions, this
requires special consideration and the corresponding calculations are not so simple
as it may be seemed.
3 The restrictions on parameters of R0 kernel from integrable boundary
condition
The restrictions on the kernel R0 of ∂-problem from boundary condition (1.3)
can be obtained analogously to derivation of restrictions from reality condition
[3] by the use of so-called ”limit of weak fields” by the following way. Due to
reconstruction formula (2.5) or (2.17)
u(x, y, t)
∣∣∣∣
y=0
= −
2
σ
χ0x
χ0
∣∣∣∣
y=0
= 0 (3.1)
if χ0x
∣∣
y=0
= 0. We derived from (2.14) using (2.10)-(2.13):
χ0x
∣∣
y=0
= i
∑
k,l
(
A−1
kl
)
x
∣∣
y=0
= −i
∑
k,l,m,n
A−1
km
Amn,xA
−1
nl
∣∣
y=0
=
−i
∑
k,l,m
A−1
km
1
µm
A−1
ml
∣∣
y=0
= −itr(GA−1HA−1)
∣∣
y=0
. (3.2)
Here we introduced the matrices G and H:
Glk := 1, ∀ k, l; Hmn :=
1
µn
δmn = diag
(
1
µn
)
. (3.3)
So due to (2.16) from condition χ0x
∣∣
y=0
= 0 it follows:
tr(GA−1HA−1)
∣∣
y=0
= 0⇒
(
1 + tr(GA−1HA−1)
) ∣∣
y=0
=
=
(
det(A+GA−1H)
detA
) ∣∣∣∣
y=0
= 1, (3.4)
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i.e. the condition, equivalent to u
∣∣
y=0
= 0, has the form:
det(A+GA−1H)
∣∣
y=0
= detA
∣∣
y=0
, (3.5)
and gives the convenient recipe for satisfaction of integrable boundary condition
(1.3). We had to choose the parameters Ak and µk and λk of R0-kernel in such a
way that (3.5) is satisfied.
Here we demonstrated the effectiveness of using (3.5) for the case N = 2 of
two terms in kernel R0(µ, µ; λ, λ) (2.7) with spectral points µ1 and −µ1:
R0(µ, µ; λ, λ) = A1δ(µ− µ1)δ(λ− µ1) +A2δ(µ+ µ1)δ(λ+ µ1). (3.6)
The matrices A, A−1 due to (2.13) have the forms:
A :=
(
X˜1 −
i
2
− i2 X˜2
)
, A−1 =
1
∆
(
X˜2
i
2
i
2 X˜1
)
, ∆ = X˜1X˜2 +
1
4
, (3.7)
where
X˜1 := X1 +
piµ1
2A1
X˜2 := X2 −
piµ1
2A2
. (3.8)
We obtained by the use of (3.3) and (3.7), (3.8):
A+GA−1H =
(
X˜1 +
1
µ1∆
(
X˜2 +
i
2
)
, − 1µ1∆
(
X˜1 +
i
2
)
− i2
− i2 +
1
µ1∆
(
X˜2 +
i
2
)
, X˜2 −
1
µ1∆
(
X˜1 +
i
2
)
)
. (3.9)
From (3.9) and (3.5) it follows the relation:
det(A+GA−1H)
∣∣
y=0
=
(
X˜1X˜2 +
1
4 +
1
∆µ1
[
X˜22 − X˜
2
1 + i(X˜2 − X˜1)
]) ∣∣
y=0
=
(3.5)
= detA
∣∣
y=0
= X˜1X˜2
∣∣
y=0
+ 14 , (3.10)
and finally the integrable boundary condition (3.1) due to (3.10) is equivalent to
the relation:
(X˜2 − X˜1)(X˜2 + X˜1 + i)
∣∣
y=0
= 0. (3.11)
Taking into account the definitions (2.11), (3.8) we derived from (3.11) that the
first multiplier of last expression
(X˜2 − X˜1)
∣∣
y=0
= −2
(
x
µ1
+
12t
µ31
)
−
piµ1
2A2
−
piµ1
2A1
6= 0 (3.12)
is not equal to zero for all x, t, but for second constant multiplier we had chosen
zero value:
(X˜2 + X˜1 + i)
∣∣
y=0
= −
piµ1
2A2
+
piµ1
2A1
+ i = 0. (3.13)
So the restriction on parameters A1, A2 and µ1 of kernel R0 (3.6) from boundary
condition (3.1) has the form:
piµ1
2A2
−
piµ1
2A1
= i. (3.14)
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One can show that for more general kernel R0 with paired delta-terms
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− µk)δ(λ− µk) +A2kδ(µ+ µk)δ(λ+ µk)) (3.15)
similar to (3.6) boundary condition (3.1) is satisfied if the restrictions on param-
eters A1k, A2k, µk of all pairs in the sum have the form:
piµk
2A2k
−
piµk
2A1k
= i, (k = 1, . . . , N). (3.16)
The results obtained in sections 2, 3 for both versions mKP-1 (σ = i) and mKP-2
(σ = 1) are valid, this is true also for important restrictions (3.16) on parameters
of kernel R0 from boundary condition (3.1).
4 The restrictions on parameters of R0 kernel from reality condition for
mKP-1 equation
The reality condition u = u can be satisfied imposing on the kernel R0 some
restrictions which in the case of mKP equation have the form [4], [15]:
mKP-1 : µR0(µ, µ; λ, λ) = λR0(λ, λ;µ, µ);
mKP-2 : R0(µ,µ; λ, λ) = R0(−µ,−µ;−λ,−λ). (4.1)
These restrictions have been obtained in the framework of ∂-dressing method in
the so-called ”limit of weak fields” [4], [15]: using approximate value χ(λ, λ) ≈ 1
(as the first iteration for solution of integral equation (2.3)) for the wave function
χ(λ, λ) in integrand (2.6). The restrictions (4.1) on kernels R0 derived in such
manner have been used several decades ago for calculating via ∂-dressing method
the different types of exact real solutions of mKP-1 and mKP-2 equations: solutions
with functional parameters, multi-soliton and multi-lump solutions [4].
The restrictions (4.1) from reality condition u = u on the kernel R0(µ, µ; λ, λ)
obtained in the limit of weak fields are not general, their derivation in [4], [15]
is not rigorous. In some cases, such as at considered in present paper, these re-
strictions are not working. The restrictions from reality condition u = u can be
obtained directly and rigorously by the use general determinant formula (2.17)
for exact complex-valued multi-lump solutions. Below it is shown how such ap-
proach works for mKP-1 equation. Derived from reality of u(x, y, t) by direct use
of (2.17) restrictions on kernel R0 ∂-problem are very useful also in calculations
of exact solutions with integrable boundaries and lead to new classes of exact real
multi-lump solutions of mKP equation with integrable boundary.
At first for mKP-1 equation with σ = i we considered the kernel to R0(µ, µ; λ, λ)
of the form:
R0(µ, µ; λ, λ) =
∑
k
Akδ(µ− µk0)δ(λ− µk0) (4.2)
with complex amplitudes Ak and real spectral parameters µk0 = µk0. Due to
definitions (2.11) the quantities
Xk := iµk0F
′
(µk0) =
x
µk0
−
2y
µ2
k0
+
12t
µ3
k0
= Xk, (4.3)
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are real functions. We derived using reconstruction formula (2.5) and (2.17):
u = 2i
∂
∂x
ln
det(A+B)
detA
= u, if det(A+B) = detA. (4.4)
Matrices A+ (hermitian conjugate to A) and A + B for mKP-1, due to (2.13),
(2.15), (4.2) and (4.3), have the forms:
(A+)kl = Alk =
(
Xk +
piµk0
2Ak
)
δkl −
iµk0
µl0 − µk0
(1− δkl), (4.5)
(A+B)kl =
(
Xk +
piµk0
2Ak
+ i
)
δkl +
iµk0
µk0 − µl0
(1− δkl). (4.6)
In considered case of the kernel R0 (4.2), due to reality µk0 and Xk, one can require
in (4.5) and (4.6):
piµk0
2Ak
=
piµk0
2Ak
+ i, (4.7)
then the matrices A+ and A + B exactly coincide and condition of reality in the
form (4.4), i.e. det(A+B) = detA, is fulfilled.
As second case we considered pure imaginary points µk = iµk0 in R0 kernel
of the form (2.7). This case requires special attention, indeed in this case the
quantities Xk, due to their definition (2.11), have the form:
Xk =
(
x
µk
−
2y
µ2
k
+
12t
µ3
k
) ∣∣
µk=iµk0
= −i
(
x
µk0
−
12t
µ3
k0
)
+
2y
µ2
k0
:= −iΦk(x, t) +Θk(y),
(4.8)
and Xk = iΦk + Θk 6= Xk, the trick with (4.5) and (4.6) is now not valid. For
satisfaction of reality condition (4.4) we used the paired terms in R0 kernel:
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− iµk0)δ(λ− iµk0) +A2kδ(µ+ iµk0)δ(λ+ iµk0)) .
(4.9)
For the kernel (4.9) with one pair of terms (N = 1) the matrices A and A+B have
the forms:
A =
(
iΦ1 +Θ1 −
iµ10pi
2A1
i
2
i
2 −iΦ1 +Θ1 +
iµ10pi
2A2
)
, (4.10)
A+B =
(
−iΦ1 +Θ1 +
iµ10pi
2A1
+ i i2
i
2 iΦ1 +Θ1 −
iµ10pi
2A2
+ i
)
, (4.11)
the requirement of reality (4.4), due to (4.10) and (4.11), gives in considered case:
µ10pi
2A2
=
µ10pi
2A1
+ 1. (4.12)
We showed that for general case of R0 kernel (4.9) with N paired terms analogous
restrictions
µk0pi
2A2k
=
µk0pi
2A1k
+ 1 (4.13)
for all pairs of terms in (4.9) provide reality of corresponding solutions.
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We summarized here the results of sections 3 and 4 concerning the restrictions
(3.16) from boundary condition (1.3) and the restrictions (4.7), (4.13) from reality
condition u = u for mKP-1 equation with σ = i. We established (justified) two
possible choices of the kernel R0 with paired terms.
A. For the kernel R0 with pure real spectral points:
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− µk0)δ(λ− µk0) +A2kδ(µ+ µk0)δ(λ+ µk0)) , (4.14)
where µk0 = µk0, the restrictions on parameters A1k, A2k and µk0 (k = 1, . . . , N)
from boundary and reality conditions due to (3.16) and (4.7) are the following:
piµk0
2A2k
−
piµk0
2A1k
= i− boundary, (4.15)
piµk0
2A1k
=
piµk0
2A1k
+ i,
piµk0
2A2k
=
piµk0
2A2k
− i− reality. (4.16)
B. For the kernel R0 with pure imaginary spectral points:
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− iµk0)δ(λ− iµk0) +A2kδ(µ+ iµk0)δ(λ+ iµk0)) ,
(4.17)
where µk0 = µk0, the restrictions on parameters A1k, A2k and µk0 (k = 1, . . . , N)
from boundary and reality conditions, due to (3.16) and (4.13), are the following:
piµk0
2A2k
−
piµk0
2A1k
= 1− boundary, (4.18)
piµk0
2A2k
=
piµk0
2A1k
+ 1− reality. (4.19)
In the next section the simplest exact real two-lump solutions of mKP-1 equa-
tion with kernels R0 (4.14) and (4.17) calculated by the use of general determinant
formula (4.4) are presented.
5 Two-lump solutions of mKP-1 equation for the kernel R0 with real and
imaginary spectral points
For the simplest kernel (4.14) with one paired terms
R0(µ, µ; λ, λ) = A1δ(µ− µ10)δ(λ− µ10) +A2δ(µ+ µ10)δ(λ+ µ10), (5.1)
we had from general formulas (4.3):
X1(µ10) =
x
µ10
−
2y
µ210
+
12t
µ310
:= Φ˜(x, t)−Θ(y), X2(−µ10) = −Φ˜(x, t)−Θ(y),
Φ˜(x, t) =
x
µ10
+
12t
µ310
, Θ(y) =
2y
µ210
. (5.2)
Due to (4.15), (4.16) the following convenient parametrization of parameters A1,
A2, µ10 is valid:
piµ10
2A1
= γ1 −
i
2
,
piµ10
2A2
= γ2 +
i
2
= γ1 +
i
2
, (5.3)
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where γ1, γ2 - are real constants. The matrix A due to (2.13) and (5.2), (5.3) has
the form:
A =
(
Φ˜−Θ + γ1 −
i
2 −
i
2
− i2 −Φ˜−Θ − γ1 −
i
2
)
:=
(
Φ−Θ − i2 −
i
2
− i2 −Φ−Θ −
i
2
)
, (5.4)
where Φ := Φ˜+ γ1 =
x
µ10
+ 12t
µ3
10
+ γ1. We obtained for determinant of matrix A:
detA = Θ2 − Φ2 + iΘ. (5.5)
Then according to reconstruction formula (4.4) and to reality condition det(A+
B) = detA we obtained:
u = 2i
∂
∂x
(−2iarg detA) = 4
∂
∂x
arctan
Θ
Θ2 − Φ2
=
(8/µ10)Θ(y)Φ(x, t)
(Θ2 − Φ2)2 +Θ2
. (5.6)
This exact two-lump localized solution (see figure (1)) of mKP-1 equation with
integrable boundary (1.3) has point singularities and represents ”bound state” of
two localized single lumps moving together along x-axis with velocity Vx = − 12µ2
10
.
This is certain eigenmode of the field u(x, y, t) in semi-plane y ≥ 0 arising due to
imposition of boundary condition (1.3).
Fig. 1 Lump solution u (5.6) with parameter µ10 = 1, γ1 = 1.
For the simplest kernel (4.9) with one paired terms with imaginary spectral
points:
R0(µ, µ; λ, λ) = A1δ(µ− iµ10)δ(λ− iµ10) +A2δ(µ+ iµ10)δ(λ+ iµ10), (5.7)
we had from general formulas (4.3) and (5.7):
X1(iµ10) = −i
(
x
µ10
−
12t
µ310
)
+
2y
µ210
:= −iΦ˜(x, t) +Θ(y), X2(−iµ10) = iΦ˜(x, t) +Θ(y),
Φ˜(x, t) :=
x
µ10
−
12t
µ310
, Θ(y) :=
2y
µ210
. (5.8)
The matrix A due to (2.13), (4.18), (4.19) and (5.8) has the form:
A =
(
−iΦ˜+ Θ+ i
(
γ1 −
1
2
)
− i2
− i2 iΦ˜+Θ − i
(
γ1 +
1
2
)) := (−iΦ+Θ − i2 − i2
− i2 iΦ+Θ −
i
2
)
,
(5.9)
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here Φ := Φ˜− γ1 =
x
µ10
− 12t
µ3
10
− γ1 and via relation (4.19) we introduced convenient
parametrization
piµ10
2A1
= γ1 −
1
2
,
piµ10
2A2
= γ1 +
1
2
(5.10)
with real constant γ1 = γ1. From (5.9) we derived the expression for detA:
detA = Θ2 + Φ2 − iΘ, (5.11)
finally by the reconstruction formula (4.4) we obtained the exact two-lump solution
of mKP-1 equation corresponding to the kernel (5.7):
u = 4
∂
∂x
arg detA = −4
∂
∂x
arctan
Θ
Θ2 + Φ2
=
(8/µ10)Θ(y)Φ(x, t)
(Θ2 + Φ2)2 +Θ2
. (5.12)
The graph of this solution is shown on figure (2). This exact two-lump localized
solution of mKP-1 equation with integrable boundary (1.3) has point singularities
and represents ”bound state” of two localized single lumps moving together along
x-axis with velocity Vx = 12µ2
10
, this is certain eigenmode of the field u(x, y, t) in
semi-plane y ≥ 0 arising due to imposition of boundary condition (1.3).
Fig. 2 Lump solution u (5.12) with parameter µ10 = 1, γ1 = 1.
6 The restrictions on parameters of R0 kernel from reality condition for
mKP-2 equation
Basic formulas of ∂-dressing method for mKP-2 equation are the same as for mKP-
1 with the change σ = i on σ = 1 in corresponding places. So in present case all
formulas from section 2 are valid. In analogy with mKP-1 case described in section
4 we obtained the restrictions on parameters of R0 which lead to fulfillment of
reality condition u(x, y, t) = u(x, y, t) .
For the delta-form kernel R0 (2.8) with pure imaginary spectral parameters
µk = iµk0, µk0 = µk0
R0(µ, µ; λ, λ) =
∑
k
Akδ(µ− iµk0)δ(λ− iµk0) (6.1)
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we derived from (2.11):
X(iµk0) = −i
(
x
µk0
−
2y
µ2
k0
−
12t
µ3
k0
)
. (6.2)
Consequently the quantitiesX(iµk0) are pure imaginary:X(iµk0) = −X(iµk0). We
redefined for convenience matrices A and A+B (2.13), (2.15) factoring imaginary
unit −i:
Akl = −i
[(
Xk −
piµk0
2Ak
)
δkl −
µl0
µk0 − µl0
(1− δkl)
]
:= −iDkl,
(A+B)kl = −i
[(
Xk −
piµk0
2Ak
− 1
)
δkl −
µk0
µk0 − µl0
(1− δkl)
]
:= −iNkl. (6.3)
From reconstruction formula (2.17) we obtained general determinant formula for
exact solutions of mKP-2 in terms of matrices N and D:
u = −2
∂
∂x
ln
detN
detD
. (6.4)
These generally complex-valued solutions, due to definitions (6.3), will be real
for detN = detN , detD = detD if the following restrictions on parameters
Ak, µk, (k = 1, ..., N) of the kernel (6.1) are valid:
Ak = Ak µk = iµk0, µk0 = µk0. (6.5)
For the kernel R0 (2.8) with real spectral parameters µk = µk0, µk0 = µk0
the quantities Xk, due to their definition (2.11), have the form:
Xk(µk0) :=
x
µk0
+
12t
µ3
k0
− i
2y
µ2
k0
:= Φk(x, t)− iΘk(y), (6.6)
with
Φk(x, t) :=
x
µk0
+
12t
µ3
k0
, Θk(y) :=
2y
µ2
k0
. (6.7)
For satisfaction of reality condition u = u in this case we used the paired terms in
R0 kernel:
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− µk0)δ(λ− µk0) +A2kδ(µ+ µk0)δ(λ+ µk0)) . (6.8)
For the kernel (6.8) with one pair of terms (N = 1) the matrices A and A + B
(2.13), (2.15) have the forms:
A =
(
Φ− iΘ+ piµ102A1 −
i
2
− i2 −Φ− iΘ −
piµ10
2A2
)
,
A+B =
(
Φ− iΘ + piµ102A1 + i
i
2
i
2 −Φ− iΘ −
piµ10
2A2
+ i
)
. (6.9)
From reconstruction formula for mKP-2 (2.17) (σ = 1) it follows that conditions
of reality u = u is fulfilled if
detA = detA, det(A+B) = det(A+B). (6.10)
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We concluded from expression of A (6.9):
− detA = Θ2 + Φ2 −
1
4
+
piµ10
2A2
Φ+
piµ10
2A1
Φ− iΘ
piµ10
2A2
+ iΘ
piµ10
2A1
+
pi2µ210
4A1A2
. (6.11)
The requirement detA = detA gives finally the relation between amplitudes A1
and A2:
A2 = A1. (6.12)
So taking into account (6.12) we derived for −detA:
− detA = Θ2 + Φ2 +
piµ10A1R
|A1|2
Φ+
piµ10A1I
|A1|2
Θ +
pi2µ210
4|A1|2
−
1
4
. (6.13)
The corresponding calculations with exact expression for A+B, due to defini-
tion in (6.9), we made quite analogously:
−det(A+B) = Θ2 + Φ2 − 2Θ +
3
4
+
(
piµ10
2A1
+
piµ10
2A2
)
Φ+
+
(
ipiµ10
2A1
−
ipiµ10
2A2
)
Θ +
i
2
piµ10
(
1
A2
−
1
A1
)
+
pi2µ210
4A1A2
. (6.14)
From (6.10), (6.14) follows the same restrictions A2 = A1 as in (6.12). So taking
into account (6.12) for −det(A+B) we obtained:
−det(A+B) = Θ2 +Φ2 − 2Θ+
3
4
+
piµ10A1R
|A1|2
Φ+
piµ10A1I
|A1|2
Θ−
piµ10A1I
|A1|2
+
pi2µ210
4|A1|2
.
(6.15)
We showed that for general case of R0 kernel with N paired terms analogous
restrictions
A2k = A1k µk = µk0 = µk0. (6.16)
for all pairs of terms in (6.8) provide reality of corresponding solutions.
We summarized here the results of sections 3 and 6 concerning the restriction
(3.16) from boundary condition (1.3) and the restrictions (6.5), (6.16) from reality
condition u = u for mKP-2 equation with σ = 1. We established (justified) two
possible choices of kernel R0 with paired terms.
A. For the kernel R0 with pure real spectral points:
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− µk0)δ(λ− µk0) +A2kδ(µ+ µk0)δ(λ+ µk0)) , (6.17)
where µk0 = µk0, the restrictions on parameters A1k, A2k and µk0 (k = 1, . . . , N)
from boundary and reality conditions due to (3.16) and (6.16) are the following:
piµk0
2A2k
−
piµk0
2A1k
= i− boundary, (6.18)
A2k = A1k − reality. (6.19)
B. For the kernel R0 with pure imaginary spectral points:
R0(µ, µ; λ, λ) =
N∑
k=1
(A1kδ(µ− iµk0)δ(λ− iµk0) +A2kδ(µ+ iµk0)δ(λ+ iµk0)) ,
(6.20)
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where µk0 = µk0, the restrictions on parameters A1k, A2k and µk0 (k = 1, . . . , N)
from boundary and reality conditions, due to (3.16) and (6.5), have the form:
piµk0
2A2k
−
piµk0
2A1k
= 1− boundary, (6.21)
Ak = Ak − reality. (6.22)
In the next section the simplest exact real two-lump solutions of mKP-2 equa-
tion with kernels R0 (6.17) and (6.20) calculated by the use of general determinant
formula (4.4) are presented.
7 Two-lump solutions of mKP-2 equation for the kernel R0 with real and
imaginary spectral points
As the first example we calculated exact real two-lump solution of mKP-2 corre-
sponding to the simplest delta-form kernel R0 with real spectral parameters µ10
and (−µ10) of the form (6.17):
R0(µ, µ; λ, λ) = A1δ(µ− µ10)δ(λ− µ10) +A2δ(µ+ µ10)δ(λ+ µ10). (7.1)
The restrictions (6.18) from integrable boundary condition u
∣∣
y=0
= 0 and from
reality condition (6.19), taking into account together, lead to relation:
piµ10A1I
|A1|2
= 1. (7.2)
By the use of (7.2) we obtained after simplifications the following simple expres-
sions for detA (6.13) and det(A+B) (6.15):
−detA =
(
Θ +
1
2
)2
+
(
Φ+
A1R
2A1I
)2
−
1
4
:= D1,
−det(A+B) =
(
Θ −
1
2
)2
+
(
Φ+
A1R
2A1I
)2
−
1
4
:= D2. (7.3)
Using reconstruction formula (2.17) with σ = 1 we calculated the exact two-lump
solution of mKP-2 equation with integrable boundary (1.3) corresponding to the
kernel R0 (7.1):
u = −2
∂
∂x
ln
det(A+B)
detA
= −
4
(
Φ+ A1R2A1I
)
1
µ10
D2
+
4
(
Φ+ A1R2A1I
)
1
µ10
D1
=
= −8
Θ(y) 1µ10
(
Φ+ A1R2A1I
)
[(
Θ+ 12
)2
+
(
Φ+ A1R2A1I
)2
− 14
][(
Θ − 12
)2
+
(
Φ+ A1R2A1I
)2
− 14
] , (7.4)
here the phases Φ(x, t) and Θ(y) are given by expressions (6.7):
Φ(x, t) :=
x
µ10
+
12t
µ310
, Θ(y) :=
2y
µ210
. (7.5)
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Fig. 3 Lump solution u (7.4) with parameter A1R = A1I = 1.
Evidently this exact localized two-lump solutions has singularities located on two
separate circles of equal radii. The graph of (7.4), shown on figure (3) at semiplane
y ≥ 0. The expression (7.4) represents two coherently bounded with each other
simple lumps (two lumps in ”bound state”) moving with the same velocity Vx =
− 12
µ2
10
along axes x.
As second interesting example we calculated new exact real two-lump solutions
of mKP-2 equation corresponding to the kernel R0(µ, µ; λ, λ) (6.20) with imaginary
spectral points iµ10 and (−iµ10):
R0(µ, µ; λ, λ) = A1δ(µ− iµ10)δ(λ− iµ10) +A2δ(µ+ iµ10)δ(λ+ iµ10). (7.6)
The restriction (6.21) from the boundary condition u
∣∣
y=0
= 0 has form:
µ10pi
2A2
−
µ10pi
2A1
= 1. (7.7)
From (7.7) follows convenient parametrization:
µ10pi
2A1
= −γ1 −
1
2
,
µ10pi
2A2
= −γ1 +
1
2
. (7.8)
From the restriction (6.22) of reality condition u = u we concluded that amplitudes
A1 and A2 are real:
A1 = A1, A2 = A2. (7.9)
The quantities X(iµ10) and X(−iµ10) due to (6.2) have the forms:
X(iµ10) := −i(Θ(y) + Φ˜(x, t)), X(−iµ10) := −i(Θ(y)− Φ˜(x, t)),
Θ(y) := − 2y
µ2
10
, Φ˜(x, t) = xµ10 −
12t
µ3
10
. (7.10)
Matrices A and A+B in considered case due to (6.2) are given by expressions:
A =
(
Φ+Θ + 12
1
2
1
2 −Φ+Θ+
1
2
)
, A+B =
(
Φ+Θ − 12 −
1
2
− 12 −Φ+Θ −
1
2
)
, (7.11)
here phase Φ(x, t) has the form:
Φ(x, t) := Φ˜+ γ1 =
x
µ10
+
12t
µ310
+ γ1. (7.12)
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From (7.11) we obtained for the determinants of A and A+ B:
D1 := detA =
(
1
2
+Θ
)2
− Φ2 −
1
4
, D2 := det(A+B) =
(
1
2
−Θ
)2
− Φ2 −
1
4
.
(7.13)
Via reconstruction formula (2.17) and (7.13) we calculated exact real two-lump
solution of mKP-2 equation with integrable boundary (1.3):
u = −2
∂
∂x
ln
det(A+B)
detA
= −
4Φ
µ10
(
1
D1
−
1
D2
)
=
(8/µ10)ΦΘ[(
Θ + 12
)2
− Φ2 − 14
] [(
Θ − 12
)2
− Φ2 − 14
] . (7.14)
Evidently this exact two-lump solution has singularities located at separate hyper-
bolas. The graph of this solution is shown on figure (4). The expression (7.14) repre-
sents two coherently bounded with each other simple lumps (two lumps in ”bound
state”) moving with the same velocity Vx = 12µ2
10
along axes x.
Fig. 4 Lump solution u (7.14) with parameters µ10 = 1, γ1 = 1.
8 Conclusions
In the present paper we described new classes of exact multi-lump solutions of
mKP-1,2 equations with integrable boundary condition u(x, y, t)
∣∣
y=0
= 0. We de-
veloped general scheme for calculations of such solutions in framework of ∂-dressing
method. We showed, that reality condition for solutions u(x, y, t) can be effectively
satisfied exactly, imposing the requirement of reality u = u on corresponding ex-
act complex-valued solutions in determinant form; this leads to some restrictions
on parameters of solutions, i.e. on amplitudes Ak and spectral points µk, λk of
delta-form kernel R0 of ∂-problem.
We presented the simplest explicit examples of two-lump solutions of mKP-
1,2 equations with integrable boundary: the fulfillment of boundary condition is
achieved via special nonlinear superpositions of two more simpler one-lump solu-
tions, certain eigenmodes of the field u(x, y, t) in semiplane y ≥ 0 as analogs of
standing wave on string.
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We demonstrated effectiveness of ∂-dressing method in calculations of multi-
lump solutions of several types for mKP-1,2 equations with integrable boundary
condition. The developed for this in present paper procedure for calculation via ∂-
dressing of new classes of exact real multi-lump solutions of mKP equation can be
effectively applied to all other integrable (2+1)-dimensional nonlinear equations,
some of these studies are currently in progress and the results will be published
elsewhere.
References
1. B.G. Konopelchenko. On the gauge-invariant description of the evolution equations in-
tegrable by Gelfand-Dikij spectral problems. Physics Letters A, Volume 92, Issue 7, 29
November 1982, Pages 323-327. https://doi.org/10.1016/0375-9601(82)90900-8
2. M. Jimbo, T. Miwa. Solitons and infinite dimensional Lie algebras. Publ. Res. Inst. Math.
Sci. Kyoto 19 (1983) 943 DOI: 10.2977/prims/1195182017
3. B.G.Konopelchenko, V.G.Dubrovsky. Some new integrable nonlinear evolution equations
in (2+1)-dimensions. Phys. Letters A, Volume 102, Issues 1-2, 30 April 1984, Pages 15-17.
https://doi.org/10.1016/0375-9601(84)90442-0
4. B.G.Konopelchenko, V.G.Dubrovsky. Inverse Spectral Transform for the Modified
Kadomtsev-Petviashvili Equation. Studies in Applied Mathematics, 1992, volume 86, num-
ber 3, pages 219-268, doi 10.1002/sapm1992863219.
5. S.V. Manakov. The inverse scattering transform for the time-dependent Schrodinger equa-
tion and Kadomtsev-Petviashvili equation // Physica D. 1981. Vol. 3 (1-2), pp. 420-427.
doi: 10.1016/0167-2789(81)90145-7
6. A.S. Fokas, M.J. Ablowitz, The inverse scattering transform for multidimensional (2+1)-
problems // Lecture Notes in Physics, vol. 189, p.137-183 Nonlinear Phenomena. [Pro-
ceedings of the CIFMO School and Workshop held at Oaxtepec, Mexico November 29 -
December 17, 1982.]
7. V. E. Zakharov, S. V. Manakov, Construction of higher-dimensional nonlinear integrable
systems and of their solutions, Funktsional. Anal. i Prilozhen., 19:2 (1985), 11-25; Funct.
Anal. Appl., 19:2 (1985), 89-101. https://doi.org/10.1007/BF01078388
8. R. Beals, R.R. Coifman. The D-bar approach to inverse scattering and nonlinear evolu-
tions// Physica D. 1986. Vol. 18 (1-3), pp. 242-249. doi: 10.1016/0167-2789(86)90184-3.
9. R. Beals, R.R. Coifman. Linear spectral problems, non-linear equations and the ∂-
method// Inverse Problems. 1988. Vol. 4 (2), pp. 87-130. doi:10.1088/0266-5611/5/2/002
10. V.E. Zakharov. Commutating operators and nonlocal problem // Plasma theory and Non-
linear and turbulent processes in Physics / Ed. by Erokhin N.S., Zakharov V.E., Sitenko
A.G., Chernousenko V.M. Bar’yakhtar V.G. Kiev: Naukova Dumka, 1988. Vol. 1, pp. 152.
11. L.V. Bogdanov, S.V.Manakov. The non-local ∂-problem and (2+1)-dimensional soliton
equations // Journal of Physics A. 1988. Vol. 21 (10), pp. 537-544. doi:10.1088/0305-
4470/21/10/001
12. B.G. Konopelchenko. The two-dimensional second-order differential spectral problem:
compatibility conditions, general BTs and integrable equations // Inverse Problems 1988
4 p.151. https://doi.org/10.1088/0266-5611/4/1/013
13. V.E. Zakharov On the dressing method // Inverse Methods in Action / Ed. By
P.C.Sabatier. Springer, 1990, pp. 602.
14. B.G. Konopelchenko Introduction to Multidimensional Integrable Equations: The Inverse
Spectral Transform in 2+1 Dimensions. New York: Plenum Press, 1992.
15. B.G. Konopelchenko Solitons in Multidimensions: Inverse Spectral Transform Method.
Singapore: World Scientific, 1993.
16. E. K. Sklyanin. Boundary conditions for integrable equations. Funktsional. Anal.
i Prilozhen., 21:2 (1987), 86-87; Funct. Anal. Appl., 21:2 (1987), 164-166.
https://doi.org/10.1007/BF01078038
17. E. V. Gudkova, I. T. Habibullin, Kadomtsev-Petviashvili Equation on
the Half-Plane, Theoret. and Math. Phys., 140:2 (2004), 1086-1094,
https://doi.org/10.1023/B:TAMP.0000036539.35565.1f
18 V.G. Dubrovsky, A.V. Topovsky
18. I. T. Habibullin, E. V. Gudkova, Boundary Conditions for Multidimensional Integrable
Equations, Funktsional. Anal. i Prilozhen., 38:2 (2004), 71-83; Funct. Anal. Appl., 38:2
(2004), 138-148. https://doi.org/10.4213/faa109
19. I.T. Khabibullin. Boundary conditions for nonlinear equations compatible with integrabil-
ity, Theor Math Phys (1993) 96: 845. https://doi.org/10.1007/BF01074113
20. I.T. Khabibullin. Sine-Gordon equation on the semi-axis. Theor Math Phys (1998) 114:
90. https://doi.org/10.1007/BF02557111
21. V.E. Adler, L.T. Habibullin, A.B. Shabat. Boundary value problem for the KDV equation
on a half-line. Theor Math Phys (1997) 110: 78. https://doi.org/10.1007/BF02630371
22. I.T. Khabibullin, KDV equation on a half-line with the zero boundary condition. Theor
Math Phys (1999) 119: 712. https://doi.org/10.1007/BF02557381
23. V. L. Vereshchagin, Integrable boundary conditions for (2+1)-dimensional models of math-
ematical physics. Theor Math Phys (2012) 171: 792. https://doi.org/10.1007/s11232-012-
0075-9
24. A.S. Fokas. A Unified Approach to Boundary Value Problems. Society for Industrial and
Applied Mathematics. 2008. doi:10.1137/1.9780898717068.
25. V.G. Dubrovsky, A.V. Topovsky, G.M. Ostreinov. The construction of exact solutions of
Kadomtsev-Petviashvili (KP-2) equation with integrable boundary conditions via dibar-
dressing method. Doklady Akademii nauk vysshei shkoly Rossiiskoi Federatsii - Proceed-
ings of the Russian higher school Academy of sciences, 2018, no. 4 (41), pp. 7-29. doi:
10.17212/1727-2769-2018-4-7-29.
